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ABSTRACT
Disks with a barotropic equilibrium structure, for which the pressure is only a function of the density, rotate
on cylinders in the presence of a gravitational potential, so that the angular frequency of such a disk is inde-
pendent of height. Such disks with barotropic equilibria can be approximately modeled using the shearing
box framework, representing a small disk volume with height-independent angular frequency. If the disk is
in baroclinic equilibrium, the angular frequency does in general depend on height and it is thus necessary
to go beyond the standard shearing box approach. In this paper, we show that given a global disk model,
it is possible to develop approximate models that are local in horizontal planes without an expansion in
height with shearing-periodic boundary conditions. We refer to the resulting framework as the vertically global
shearing box (VGSB). These models can be non-axisymmetric for globally barotropic equilibria but should be
axisymmetric for globally baroclinic equilibria. We provide explicit equations for this VGSB which can be
implemented in standard magnetohydrodynamic codes by generalizing the shearing-periodic boundary condi-
tions to allow for a height-dependent angular frequency and shear rate. We also discuss the limitations that
result from the radial approximations that are needed in order to impose height-dependent shearing periodic
boundary conditions. We illustrate the potential of this framework by studying a vertical shear instability and
examining the modes associated with the magnetorotational instability.
Keywords: accretion, accretion disks — instabilities — ISM: structure — magnetic fields — magnetohydro-
dynamics (MHD) – plasmas
1. INTRODUCTION
Astrophysical disks play a crucial role in the formation,
evolution, and fate of a wide variety of celestial objects, by
mediating the transport of mass, energy, and angular mo-
mentum. Building realistic disk models is of fundamental
importance for understanding, for example, protoplanetary
disks around young stars, accretion flows onto stellar com-
pact objects and active galactic nuclei, as well as the inter-
stellar medium in galactic disks. The large dynamic range in-
volved makes it particularly challenging to produce detailed
global numerical simulations of these systems. Moreover,
while global models allow us to investigate large-scale phe-
nomena, local models with a hierarchy of increasingly com-
plex microphysics have proved critical to elucidating the pro-
cesses that are crucial at small scales. Because of this, several
types of local approximations have been employed for study-
ing astrophysical disks.
Hill (1878) pioneered the use of a local approximation to
study the dynamics of particles orbiting a host system and
subject to encounters with a perturber, and used it to study
the motion of the Moon. Spitzer & Schwarzschild (1953) and
Goldreich & Lynden-Bell (1965) applied these ideas to galac-
tic disks using the concept of a locally shearing coordinate
system. This approach constitutes the basis of the shearing
sheet framework which has been widely used to study the dy-
namics of orbiting particles and planetesimals, as well as local
processes in hydrodynamic and magnetohydrodynamic disks.
The implementation of the concept behind the shearing sheet,
with an appropriate shear-periodic radial-boundary condition
(Wisdom & Tremaine 1988), forms a computational model
used for studying local disk dynamics referred to as the shear-
ing box (Brandenburg et al. 1995; Hawley et al. 1995).
Shearing box models solve the equations of motion for the
fluid in a local cartesian frame co-rotating with the disk at a
fiducial radius. In the standard framework, the differential
rotation of the disk is locally accounted for with a height-
independent angular frequency. This is appropriate for disks
with a barotropic equilibrium for which the pressure is only a
function of density and thus rotate on cylinders. The shearing
box framework relies on a first order expansion of the steady
bulk flow in the radial direction, which is the highest order
compatible with shearing periodic boundary conditions. De-
pending on whether zeroth or first order expansions are con-
sidered for the gravitational field in the direction perpendic-
ular to the disk, usually denoted with the coordinate z, this
leads to the so called unstratified (Hawley et al. 1995, 1996)
or stratified (Brandenburg et al. 1995; Stone et al. 1996) shear-
ing box models. This stratified, compressible shearing box is
what we will refer to in this paper as the standard shearing box
(SSB). These approximations are appropriate when the disk
is thin and the vertical scales of interest are small compared
to the fiducial disk radius. There have been works that re-
tained the correct expression for the vertical component of the
gravitational field (Matsuzaki et al. 1997; Korpi et al. 1999),
allowing for larger vertical domains to be considered. How-
ever, this generalization does not allow to study of disks with
baroclinic equilibria without relaxing the assumption that the
angular frequency is height-independent. In the early formu-
lation of the shearing sheet, Goldreich & Lynden-Bell (1965)
avoided making any approximation in height (z), which is
possible when considering barotropic equilibrium structures.
Astrophysical disks with baroclinic equilibrium structure,
for which the pressure is not solely a function of density,
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posses angular frequency profiles that depend in general on
height, especially if these are not thin. Therefore, build-
ing a framework to study these disks demands going beyond
the SSB, where the assumption that the angular frequency is
height-independent is rooted deep. In this work, we gener-
alize the SSB by considering the full height-dependence of a
steady state, axisymmetric bulk flow to leading order in ra-
dius, without making any expansion in the vertical coordi-
nate. We show that given a global disk model, it is possible
to develop approximate models that are local in horizontal
planes and global in height and are amenable to shearing-
periodic boundary conditions. These models can be non-
axisymmetric for disks with a barotropic global equilibrium
but should be axisymmetric for disks with a baroclinic global
equilibrium. We term the resulting framework the vertically
global shearing box (VGSB). The terminology of ‘vertically
global’ specifically and solely refers to the approach of never
making a expansion in the vertical direction in the derivation.
This yields a model which allows us to account for the vertical
variation of gravity without approximations and the possible
presence of vertical shear. As we discuss below, the radial ex-
pansions that are needed to apply height-dependent shearing
periodic boundary conditions do limit the range of vertical
scales which can be modeled approximately. In spite of its
limitations, the VGSB formalism provides a novel framework
that goes beyond the SSB and promises to provide a bridge
between strictly local and fully global approaches to model
astrophysical disks.
The paper is organized as follows. We derive the equa-
tions involved in the VGSB framework in Section 3, providing
some of the algebraic details in Appendix A. We state the fi-
nal form of the VGSB equations and discuss its novel features
in Section 4. For convenience, we provide a self-contained
summary of the VGSB equations that can be incorporated in
magnetohydrodynamic codes in Appendix B. We use this new
framework to explore the behavior of two important instabili-
ties in a baroclinic context. We demonstrate that a linear verti-
cal shear instability (VSI), akin to those studied by Goldreich
& Schubert (1967); Fricke (1968) and Nelson et al. (2013),
appears in the VGSB in Section 5. We examine some ba-
sic aspects of the magnetorotational instability (MRI) in the
VGSB in Section 6. We conclude by briefly discussing the
limitations and several potential applications of the VGSB in
Section 7. In addition, in Appendix C we outline some details
related to neglecting curvature terms, in Appendix D we ana-
lyze the hydrodynamic momentum equation in order to assess
under what conditions it is acceptable to discard radial pres-
sure gradients in the SSB and VGSB, and in Appendix E we
discuss issues related to potential vorticity in shearing boxes.
2. EQUATIONS OF MOTION
We are concerned with the equations of ideal magnetohy-
drodynamics, in cylindrical coordinates (r, φ, z), in a refer-
ence frame rotating with angular frequency ΩF = ΩFzˆ, i.e.,
∂ρ
∂t
+∇ · (ρv) = 0 , (1)
∂v
∂t
+ (v · ∇)v = Ω2Frrˆ − 2ΩF × v
−∇Φ− ∇P
ρ
+
1
ρ
J ×B , (2)
∂B
∂t
= ∇× (v ×B) , (3)
∂e
∂t
+∇ · (ev) = −P (∇ · v) . (4)
Here, ρ is the mass density, v is the fluid velocity in the ro-
tating frame, B is the magnetic field, with ∇ · B = 0, e
is the internal energy density, P (ρ, e) is the pressure deter-
mined through an equation of state, and Φ(r, z) is the gravi-
tational potential, which is assumed to be cylindrically sym-
metric, but not necessarily spherical. The current density is
J ≡ ∇ × B/µ0, with µ0 a constant dependent on the unit
system adopted.
Fluid flows described by these equations are subject to con-
servation laws. It is thus important to understand under what
circumstances these properties are satisfied by the equations
describing the local dynamics involving expansions of the
original set of equations. It is easy to show that the approxi-
mations embodied in the standard isothermal shearing box are
such that the vortex lines of an inviscid flow are frozen into the
fluid (Kelvin’s Circulation Theorem) and that the magnetic
flux is also frozen into the fluid in the absence of magnetic
dissipation (Alfve´n’s Frozen-in Theorem).
Understanding under what conditions these properties also
hold for the equations of motion that result from invoking a
local approximation of global disk models which have a baro-
clinic equilibrium structure is more subtle. Here, we state the
general versions of the aforementioned theorems in order to
prepare the ground to address these issues in subsequent sec-
tions. These conservation theorems can be derived by calcu-
lating the Lagrangian derivative of the fluxes associated with
the vorticity and the magnetic field. It is thus useful to recall
that, see e.g., (Blackman 2013), any vector fieldQ satisfies(
∂
∂t
+ v · ∇
)∫
S
Q · dS (5)
=
∫
S
[
∂Q
∂t
−∇× (v ×Q) + v(∇ ·Q)
]
· dS ,
where the integral is carried out over any open surface S ad-
vected by the flow with velocity v.
2.1. Kelvin’s Circulation Theorem
The momentum equation (2) for an an inviscid, unmagne-
tized, barotropic flow in the rotating frame is given by
(∂t + v · ∇)v = Ω2Frrˆ − 2ΩF × v −∇Θ , (6)
where Θ = Φ + h is the generalized gravito-thermal poten-
tial, where h is the enthalpy, with dh = dP/ρ. The equation
governing the evolution of the vorticity is thus
∂t(∇× v) = ∇× [v × (∇× v + 2ΩF)] , (7)
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which preserves the solenoidal character of the vorticity. This
implies that, by virtue of Equation (5) withQ = ∇×v+2ΩF,
vortex lines are frozen into the fluid, i.e., the flow preserves
the circulation Γ
(∂t + v · ∇)Γ = 0 , (8)
with
Γ ≡
∫
S
(∇× v + 2ΩF) · dS =
∮
L
(v + ΩF × r) · dl , (9)
where L is a closed contour, delimiting the open surface S,
advected by the flow with velocity v.
2.2. Alfve´n’s Frozen-in Theorem
The induction equation (3) preserves the divergence of the
magnetic field, i.e.,
(∂t + v · ∇)(∇ ·B) = 0 . (10)
This implies that, provided that∇·B = 0 at some initial time,
the magnetic flux remains frozen into the fluid, i.e.,
(∂t + v · ∇)ΦB = 0 , (11)
with
ΦB =
∫
S
B · dS , (12)
where the integral is carried out over any open surface S ad-
vected by the flow with velocity v. This follows from Equa-
tion (5) withQ = B and the induction equation (3).
3. THE VERTICALLY GLOBAL, HORIZONTALLY
LOCAL APPROXIMATION
We seek to derive a set of equations that describe the lo-
cal dynamics of the magnetized fluid with respect to a known
steady state bulk flow around a point co-rotating with the disk
at a distance r0. Here, we outline the steps of the derivation,
which is carried out in detail below.
1. We find a suitable steady flow and background equilib-
rium, which enables the derivation of exact equations
of motion for the departures from this solution.
2. We transform to a locally cartesian coordinate system.
We expand the bulk flow and background equilibrium
to leading order in the radial direction leaving the di-
rection perpendicular to the disk midplane unaltered.
3. We determine under which circumstances the resulting
equations are amenable to being solved with shearing-
periodic boundary conditions, which could depend on
height for disk models with baroclinic global equilibria.
We show explicitly these steps for the momentum and in-
duction equations, while we state the results for the continuity
equation and energy equation that are simpler to work with.
3.1. Equations for Departures from Background
Equilibrium
3.1.1. Bulk Flow and Background Equilibrium
As in the SSB, we first seek a steady background flow. In
this case, we will not make any a priori assumptions about the
z-dependence of the angular frequency.
We begin by noting that the momentum equation (2) admits
a force-free (magnetic fields playing no role), steady state so-
lution V ≡ V (r, z)φˆ, with
V (r, z) = r [Ω(r, z)− ΩF] , (13)
where the angular frequency is
Ω2(r, z) ≡ 1
rρh
∂P (ρh, eh)
∂r
+
1
r
∂Φ
∂r
, (14)
and the vertical, hydrostatic pressure gradient satisfies
1
ρh
∂P (ρh, eh)
∂z
= −∂Φ
∂z
. (15)
Here, ρh(r, z) and eh(r, z) are the mass density and energy
density associated with the steady state background flow.
3.1.2. Momentum and Induction Equations
Using Equations (14) and (15) we can recast the gravita-
tional force in the momentum equation (2) in terms of the an-
gular frequency and the pressure gradient, both corresponding
to the steady state bulk flow. We obtain(
∂
∂t
+ v · ∇
)
v =
[
Ω2F − Ω2(r, z)
]
rrˆ − 2ΩF × v
+
∇P (ρh, eh)
ρh
− ∇P (ρ, e)
ρ
+
1
ρ
J ×B . (16)
The velocity field describing the departure from the bulk
flow satisfying Equations (13)–(15)
w ≡ v − V (r, z)φˆ , (17)
evolves according to the momentum equation,1
∂w
∂t
+ [Ω(r, z)− ΩF]
(
∂wr
∂φ
rˆ +
∂wφ
∂φ
φˆ+
∂wz
∂φ
zˆ
)
+w · ∇w
+ wrr
∂Ω(r, z)
∂r
φˆ+ wz
∂rΩ(r, z)
∂z
φˆ+ 2Ω(r, z)×w
=
∇P (ρh, eh)
ρh
− ∇P (ρ, e)
ρ
+
1
ρ
J ×B . (18)
This equation is exact and it displays the particular feature
that the last term on the left-hand side resembles the Cori-
olis acceleration, with one important difference. The angu-
lar frequency involved is not the fixed angular frequency of
the rotating frame, ΩF, but rather the angular frequency of
the steady state flow, Ω(r, z). As a quick check, note that
if P (ρ, e) = P (ρh, eh) and J × B = 0 then there are no
departures from the steady state bulk flow, i.e., w = 0.
Taking the induction equation (3) and replacing the velocity
1 We provide the algebraic details of this derivation in Appendix A.
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Figure 1. Rendering of Lagrangian tracer lines initially placed at y = 0 in the steady state flow of the VGSB and standard shearing box. The VGSB provides a
horizontally local, vertically global representation of a baroclinic equilibrium disk model with a cylindrical temperature dependence, which is described in more
detail in Section 4.3.1, with a sound speed to rotation speed ratio of cs0/vK0 = 0.1, p = −1.5, and q = −1. The standard shearing box shown is for a Keplerian
thin disk. The panels corresponds to tΩ0(0) = 0.5, 1.0, 1.5, 2.0, from left to right. The yellow surface marks the midplane of the shearing box and the top of
the lines is at z = 3r0. Red: initial position of tracer lines. Blue: evolution of tracer lines in the VGSB following the flow V (x, z) = [V0(z) + S0(z)x] yˆ
from Equations (82)–(83). Green: evolution of tracer lines in the standard shearing box following the flow V (x, z) = −(3/2)Ω0(0)x yˆ.
field with v ≡ V (r, z)φˆ+w yields, after some algebra,
∂B
∂t
+ [Ω(r, z)− ΩF]
(
∂Br
∂φ
rˆ +
∂Bφ
∂φ
φˆ+
∂Bz
∂φ
zˆ
)
= Brr
∂Ω(r, z)
∂r
φˆ+Bz
∂rΩ(r, z)
∂z
φˆ+∇× (w ×B) .
(19)
3.1.3. Background-flow Advection and Shear Rate
The fact that the speed of the background flow V ≡
V (r, z)φˆ depends, in general, on height implies that the de-
partures from the bulk flow will be advected and sheared in
a height-dependent way. This motivates the definition of the
advection operator
D ≡ ∂
∂t
+ [Ω(r, z)− ΩF] ∂
∂φ
, (20)
which is defined so that it acts on scalar fields, such as the
density ρ, and on each of the components of a vector field,
e.g., w and B, but not on the unit coordinate-vectors, i.e.,
D{rˆ, φˆ} = 0. It is also convenient to define the shear rate
S(r, z) ≡ r ∂Ω(r, z)
∂r
. (21)
Using these definitions, Equations (18) and (19) become,
without approximations,
(D +w · ∇)w =− 2Ω(r, z)zˆ ×w − S(r, z)wrφˆ
−wz ∂V (r, z)
∂z
φˆ+
∇P (ρh, eh)
ρh
− ∇P (ρ, e)
ρ
+
1
ρ
J ×B ,
(22)
DB =S(r, z)Brφˆ+Bz ∂V (r, z)
∂z
φˆ+∇× (w ×B) .
(23)
3.2. Local Approximation in Horizontal Planes
We now seek to derive a set of equations of motion which
is local in radius and azimuth by expanding Equation (22)
and (23) around a fiducial point r0 = (r0, φ0, 0). In order to
simplify this task, we choose a reference frame that corotates
with the bulk flow at radius r0, i.e.,
ΩF = Ω(r0, 0) . (24)
We also adopt a coordinate frame centered at r0 with locally
cartesian coordinates x = (x, y, z), such that x = r − r0
and y ≡ r0(φ − φ0), with x/r0  1 and y/r0  1. In
this locally cartesian frame, the differential vector operators
are well approximated by their cartesian versions, provided
that the radial coordinate versor rˆ(φ) ≈ rˆ(φ0) 2 Because of
the axisymmetric character of the background flow, in what
follows, we choose φ0 = 0 without loss of generality.
In this locally cartesian coordinate system, we can expand
to leading order in (x, y) the various functions appearing in
the momentum and induction equations, Equation (22) and
(23), respectively.
3.2.1. Approximation of the Bulk Flow
The local approximations of the angular frequency, the bulk
flow in Equation (13), and the advection operator in Equa-
tion (20) yield
Ω(x, z) ≡ Ω0(z) + ∂Ω(r, z)
∂r
∣∣∣∣
r=r0
x , (25)
V (x, z) ≡ V0(z) + S0(z)x , (26)
D0 ≡ ∂
∂t
+ [V0(z) + S0(z)x]
∂
∂y
. (27)
2 This approximation, which is valid when the physical extent in horizontal
planes is small, leads to neglecting terms related to the curvilinear character
of the cylindrical coordinate system originally chosen to describe the bulk
flow as V ≡ V (r, z)φˆ. See Appendix C for more details.
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Here, we have defined the local, height-dependent angular fre-
quency, bulk flow, and shear rate, all evaluated at the fiducial
radius r0, i.e.,
Ω0(z) ≡ Ω(r0, z) , (28)
V0(z) ≡ V (r0, z) , (29)
S0(z) ≡ r0 ∂Ω(r, z)
∂r
∣∣∣∣
r=r0
. (30)
The operator D0 is a height-dependent generalization of
the shearing sheet advection operator originally introduced in
Spitzer & Schwarzschild (1953); Goldreich & Lynden-Bell
(1965). In order to illustrate the action of the advection op-
erator D0, Figure 1 shows the effects of considering the local
bulk flow in Equation (26) that results from expanding Equa-
tion (13) to leading order in the radial direction, leaving unal-
tered the vertical dependence. In this particular example, we
have considered a baroclinic equilibrium global disk model
with a cylindrical temperature structure, which is discussed in
detail in Section 4.3.1.
3.2.2. Approximation of Momentum and Induction Equations
Using the approximations above, we arrive at expressions
for the momentum and induction equations, Equations (22)
and (23), which are correct to leading order in x/r0 and y/r0:
(D0 +w · ∇)w = −2Ω0(z)zˆ ×w − S0(z)wxyˆ
− wz ∂V (x, z)
∂z
yˆ +
∇P (ρh, eh)
ρh
− ∇P (ρ, e)
ρ
+
1
ρ
J ×B ,
(31)
D0B =S0(z)Bxyˆ +Bz ∂V (x, z)
∂z
yˆ +∇× (w ×B) .
(32)
Here, all the differential operators are defined in a cartesian
coordinate system centered at the fiducial radius r0.
Because we have retained the leading order in all the ap-
proximations involving the bulk-flow, the two important flow
properties discussed in Section 2 remain unaltered. In the case
of an inviscid, unmagnetized, barotropic flow the momentum
equation (31) that results from the local approximation in hor-
izontal planes leads to
(D0 +w · ∇) Γ = 0 . (33)
Furthermore, the induction equation (32) that results from
the local approximation in horizontal planes preserves the
solenoidal character of the the magnetic field, i.e.,
(D0 +w · ∇) (∇ ·B) = 0 . (34)
This implies that the magnetic flux is frozen into the fluid flow
that results from the local expansion in horizontal planes, i.e.,
(D0 +w · ∇) ΦB = 0 . (35)
Therefore, the local approximation in horizontal planes leads
to equations that still satisfy Kelvin’s circulation theorem and
Alfve´n’s frozen in theorem discussed in Section 2.
3.3. Compatibility of the Local Approximation with
Shearing-periodic Boundary Conditions
3.3.1. Shearing-periodic Boundary Conditions in the SSB
All the explicit coordinate dependences in the equations of
motion defining the SSB are contained in the advection oper-
ator
DSSB0 ≡
∂
∂t
+ xS0(0)
∂
∂y
, (36)
which is obtained as a limit of the operator D0 introduced in
Equation (27). The explicit dependence on the coordinate x
can be eliminated by the linear transformation t′ = t, x′ = x,
z′ = z, and
y′ = y − xS0(0) t . (37)
In the primed coordinate system, the advection operator sim-
ply becomes DSSB0 = ∂′t, and the equations of motion can be
solved by using strictly periodic boundary conditions in hori-
zontal planes, i.e.,
f(x′, y′, z′, t′) = f(x′ + Lx, y′, z′, t′) , (38)
f(x′, y′, z′, t′) = f(x′, y′ + Ly, z′, t′) ,
and appropriate boundary conditions for the vertical bound-
aries. Note that in the original coordinate system, the equa-
tions for the departures from the bulk flow satisfy shearing-
periodic boundary conditions given by
f(x, y, z, t) = f(x+ Lx, y + S0(0)Lxt, z, t) , (39)
f(x, y, z, t) = f(x, y + Ly, z, t) .
3.3.2. Height-dependent Shearing-periodic Boundary Conditions
Defining an approximate, radially local set of equations
and boundary conditions for disks with baroclinic equilibria,
for which the angular frequency is in general a function of
height, is more subtle.
The coordinate dependence arising through the advection
operator D0 in Equation (27) can still be removed by defining
the linear transformation t′ = t, x′ = x, z′ = z, and
y′ = y − [V0(z) + S0(z)x] t . (40)
In this primed coordinate system, the advection operator is
coordinate-independent, i.e., D0 = ∂′t. Therefore, if this
were the only explicit coordinate dependence then, in each
horizontal plane, it would be enough to consider the height-
dependent, shearing-periodic boundary conditions given by
f(x, y, z, t) = f(x+ Lx, y + S0(z)Lxt, z, t) , (41)
f(x, y, z, t) = f(x, y + Ly, z, t) .
However, the coordinate dependence induced by the terms
proportional to
∂V (x, z)
∂z
=
∂V0(z)
∂z
+ x
∂S0(z)
∂z
(42)
on the right-hand sides of Equations (31) and (32) cannot
be eliminated by the same coordinate transformation that re-
moves the x-dependence in D0. This prevents Equation (31)
and (32) from being solved with the shearing-periodic bound-
ary conditions in Equation (41) in a straightforward way.
In what follows we analyze the consequences of proceed-
ing by neglecting the term proportional to the coordinate x in
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Equation (42). We thus approximate this equation as
∂V (x, z)
∂z
' ∂V0(z)
∂z
. (43)
With the exception of the background hydrostatic profile
which will be dealt with in the next section, this approxi-
mation eliminates the explicit coordinate dependence on the
right-hand sides of Equations (31) and (32), leading to
(D0 +w · ∇)w = −2Ω0(z)zˆ ×w − S0(z)wxyˆ
− wz ∂V0(z)
∂z
yˆ +
∇P (ρh, eh)
ρh
− ∇P (ρ, e)
ρ
+
1
ρ
J ×B ,
(44)
D0B =S0(z)Bxyˆ +Bz ∂V0(z)
∂z
yˆ +∇× (w ×B) . (45)
Because the only coordinate dependences arise through the
advection operator D0, these equations are compatible with
the height-dependent, shearing-periodic boundary conditions
Equations (41). By reducing the coordinate dependence down
to the advection operator D0, and the background equilib-
rium ∇P (ρh, eh)/ρh we have brought these equation closer
to compatibility with with the height-dependent, shearing-
periodic boundary conditions Equations (41). The back-
ground equilibrium will be treated in Section 3.3.5, but first
we deal with issues which arise from this step. The approxi-
mation embodied in Equation (43) does, in general, affect the
validity of the conservation theorems discussed in Section 2.
We proceed by showing that Equations (44) and (45) do sat-
isfy Kelvin’s circulation theorem and Alfve´n’s frozen-in the-
orem when the underlying global disk model has a barotropic
equilibrium or when we consider axisymmetry.
3.3.3. Radially local, Vertically Global Hydrodynamic Disk
Models
It can be seen that equation (44) when applied to an invis-
cid, barotropic, unmagnetized flow, leads to
(D0 +w · ∇) Γ = 0 . (46)
This means that under the conditions over which Kelvin’s cir-
culation theorem is satisfied, the approximation embodied in
Equation (43) does not lead to spurious sources of circulation
when considering Equation (31) instead of (44).
If the global disk model under consideration has baroclinic
equilibrium, the circulation Γ is no longer conserved and thus,
for physical reasons, (D0 +w · ∇) Γ is no longer expected to
vanish. However, one should also realize that the approxi-
mation invoked in Equation (43) leads to a source term that
contributes spuriously to the evolution of the circulation
(D0 +w · ∇) Γ =
∫
S
[
∇×
(
xwz
∂S0(z)
∂z
yˆ
)]
· dS + . . .
(47)
Here, the dots represent the physical sources of circulation
present in fluids which are either viscous or baroclinic. The
spurious source of circulation in Equation (47) vanishes under
axisymmetry. In order to demonstrate this, let us examine the
integral involved. Using Stoke’s theorem, it follows that∫
S
[
∇×
(
xwz
∂S0(z)
∂z
yˆ
)]
· dS =
∮
L
(
xwz
∂S0(z)
∂z
)
yˆ · dl .
(48)
In axisymmetry, i.e., ∂y = 0, the problem reduces to under-
standing the dynamics of the fluid in the (x, z) plane. Under
this condition, the line integral over a closed loop vanishes.
Thus, given a global hydrodynamic disk model, corre-
sponding to either barotropic or baroclinic equilibria, Equa-
tion (44) can be used to define an associated disk model that
is local in horizontal planes but global in height. This model
can be non-axisymmetric for disks with globally barotropic
equilibria but should be axisymmetric for disks with globally
baroclinic equilibria.
The flow of hydrodynamic fluids is constrained by the evo-
lution of the potential vorticity as governed by Ertel’s theo-
rem (see, e.g. Pedlosky 1982). In Appendix E, we derive the
equations associated with the evolution of potential vorticity
in the framework of the VGSB and discuss how these relate
to the Kelvin circulation theorem alluded to in this section.
The details of this also depend on the final approximations
needed to make the model compatible with shearing periodic
radial boundaries in Section 3.3.5. Before that, we discuss
the analogous issue which occurs with magnetic fields in the
induction equation.
3.3.4. Radially local, Vertically Global MHD Disk Models
Let us now consider the implications for the induction equa-
tion. In general, neglecting the term proportional to the coor-
dinate x in Equation (43) leads to an approximated induction
equation that no longer preserves the solenoidal character of
the magnetic field. More specifically, Equation (45) leads to
(D0 +w · ∇) (∇ ·B) = −x∂S0(z)
∂z
∂Bz
∂y
. (49)
Taken at face value, this implies that Equation (43) induces
spurious generation of magnetic monopoles that will break
flux freezing even in the absence of dissipation. There-
fore, in the case of a magnetized fluid, while eliminating
the explicit x-dependence that can not be removed by a
coordinate transformation allows the induction equation to
be solved with shearing-periodic, height-dependent boundary
conditions, this approximation, in general, would destroy the
solenoidal character of the magnetic field.
However, the spurious evolution of the divergence of the
magnetic field that results from the approximation Equa-
tion (43) is absent in Equation (49) if the underlying global
disk model is has a barotropic equilibrium or axisymmetry,
i.e., ∂y = 0, is considered.
Therefore, given a global disk model, it is possible to de-
velop models which preserve the solenoidal character of the
magnetic field that are local in horizontal planes and global in
height that are amenable to shearing-periodic boundary con-
ditions. These models can be non-axisymmetric for disks
with globally barotropic equilibria but should be axisymmet-
ric for disks with globally baroclinic equilibria. Under ei-
ther of these conditions, the approximation invoked in Equa-
tion (43), which is necessary to employ the shearing-periodic
boundary conditions given by Equation (41), does not lead
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to spurious source terms that could affect the evolution of the
circulation, magnetic flux freezing, or the solenoidal character
of the magnetic field, i.e.,
(D0 +w · ∇) Γ = 0 , (50)
(D0 +w · ∇) ΦB = 0 , (51)
and
(D0 +w · ∇) (∇ ·B) = 0 . (52)
3.3.5. Approximation of the Background Equilibrium
The fourth term on the right-hand side of Equation (22)
can be dealt with along the lines proposed by Goldreich &
Lynden-Bell (1965) for the hydrostatic background quantities
ρh(r, z) = ρh0(z) + O
(
x
r0
)
, (53)
eh(r, z) = eh0(z) + O
(
x
r0
)
, (54)
where ρh0(z) ≡ ρh(r0, z) and eh0(z) ≡ eh(r0, z) are the
leading order terms associated with the mass and internal en-
ergy density profiles of the background flow at the fiducial
radius3. Within the level of approximation we are working at,
we thus have
∇P (ρh, eh)
ρh
=
∇P (ρh0, eh0)
ρh0
+ O
(
x
r0
)
, (55)
where the vertical acceleration induced by the background
pressure gradient is balanced by gravity at the fiducial radius
1
ρh0
∂P (ρh0, eh0)
∂z
= −∂Φ0(z)
∂z
zˆ , (56)
with Φ0(z) ≡ Φ(r0, z), the gravitational potential evaluated
at the fiducial radius r0.
The set of approximations to the background described
above can also be considered on more formal grounds by in-
troducing a set of dimensionless parameters that describe the
relative scale of the phenomena of interest and the departures
from a thin, Keplerian disk. In Appendix D, we provide the
details involved in this procedure, emphasizing in particular
the handling of the terms related to pressure gradients in the
momentum equation. Our considerations build on, and ex-
tend, the analysis carried out in Umurhan & Regev (2004).
The analysis suggests the condition z <
√
xr0 as a limit
on the height of the best modeled part of the domain. This
criterion also applies to the SSB, as we demonstrate in Ap-
pendix D.
The set of equations that result from considering the ap-
proximations described in this section are compatible with
the height-dependent, shearing-periodic boundary conditions
Equations (41). This motivates introducing the VGSB.
4. THE VERTICALLY GLOBAL SHEARING BOX
(VGSB)
4.1. Equations of Motion for the VGSB
3 In the case of a barotropic equation of state, where e = e(ρ) and thus
P (ρ, e) = P (ρ), only the expansion in Equation (53) is required, as in Gol-
dreich & Lynden-Bell (1965, Section 4).
Following the steps outlined in the previous section, we ar-
rive at the expressions for the continuity, momentum, induc-
tion, and energy equations that define the framework of the
vertically global shearing box (VGSB)
D0ρ+∇ · (ρw) = 0 , (57)
(D0 +w · ∇)w + wz ∂V0(z)
∂z
yˆ
= −2Ω0(z)zˆ ×w − S0(z)wxyˆ
−∇P
ρ
− ∂Φ0(z)
∂z
zˆ +
1
ρ
J ×B , (58)
(D0 +w · ∇)B −Bz ∂V0(z)
∂z
yˆ
= S0(z)Bxyˆ + (B · ∇)w−B (∇ ·w) , (59)
D0e+∇ · (ew) = −P (∇ ·w) . (60)
Here, all the operators are defined in a cartesian coordinate
system centered at the fiducial radius r0.
The only explicit coordinate dependence in the VGSB
arises through the advection operator D0, which is linear in
the coordinate x for all heights z. This implies that the equa-
tions are suitable for being solved with a vertically varying
shear-periodic x-direction boundary condition. The radial and
azimuthal boundary conditions for mapping a field variable f
in a VGSB of size Lx × Ly × Lz are, respectively,4
f(x, y, z, t) = f(x+ Lx, y + S0(z)Lxt, z, t) , (61)
f(x, y, z, t) = f(x, y + Ly, z, t) . (62)
In order to completely define the problem, appropriate bound-
ary conditions in the vertical direction must be specified.
The set of Equations (57)–(60), together with the boundary
conditions Equations (61)–(62) lead to approximate radially
local, vertically global disk models if the underlying global
disk model has a barotropic equilibrium or if we assume ax-
isymmetry.
It is important to emphasize that the velocity w is the de-
parture from the local approximation of the bulk flow and thus
the total fluid velocity v in the VGSB is
v = [V0(z) + S0(z)x] yˆ +w , (63)
where
V0(z) = r0[Ω0(z)− Ω0(0)] , (64)
and the local shear rate S0(z) is related to the generalization
of the height-independent q-parameter in the SSB:
q0(z) ≡ −S0(z)
Ω0(0)
. (65)
At the midplane, i.e., z = 0, the flow velocity V (x, 0) =
S0(0)x = −q0(0)Ω0(0)x is the same as the steady state flow
velocity in the SSB. However, in global disk models where the
shear rate of the flow decreases to zero at high altitude, i.e.,
S0(z) ' 0 and, therefore, V0(z) ' −r0Ω0(0) for z  r0.
This is just the reflex motion induced by the rotating frame.
4 The velocity wy is continuous across the shear-periodic x-boundary.
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This shows that in the limit z  r0, Equations (57)–(60) re-
duce to the MHD equations in the absence of a gravitational
field.
4.2. Connecting the VGSB to the SSB
In order to connect the SSB to the VGSB, with its general-
ization to baroclinic disk equilibria, it is useful to recall some
results that apply to barotropic hydrostatic equilibria. If the
pressure is P = P (ρ) it follows that:
(i) The angular frequency Ω is independent of z. This can
be derived by taking the curl of the momentum equa-
tion (6), which leads to
r
∂Ω2
∂z
= 0 , (66)
implying that barotropic equilibria rotate on cylinders,5
i.e., Ω ≡ Ω(r).
(ii) The generalized gravito-thermal potential Θ is indepen-
dent of z. This follows from the vertical component of
Equation (66), because the bulk flow velocity has only
an an azimuthal component. This implies that
∂Θ
∂z
= 0 , (67)
and thus Θ ≡ Θ(r), as stated.
(iii) The angular frequency can be obtained from the gen-
eralized gravito-thermal potential using the radial com-
ponent of Equation (6) as
rΩ2 =
∂Θ
∂r
. (68)
Let us now focus our attention on a global isothermal disk
in the gravitational potential of a point source of massM , i.e.,
Φ(r, z) =
−GM√
r2 + z2
, (69)
with G the gravitational constant. The pressure is P = ρc2s0,
with constant sound speed cs0. Adopting a power-law den-
sity dependence with radius in the midplane, tha hydrostatic
balance in the vertical direction implies that the density is
ρ(r, z) = ρ0
(
r
r0
)p
exp
[
−v
2
K(r)
c2s0
(
1− 1√
1 + (z/r)2
)]
,
(70)
where the constant p ≤ 0 and we defined the Keplerian speed
vK(r) =
√
GM
r
. (71)
In this case, the enthalpy is simply h = c2s0 ln ρ, and thus
the generalized gravito-thermal potential Θ = Φ + h, is
Θ = c2s0 ln
[
ρ0
(
r
r0
)p ]
− v2K(r) . (72)
5 This is often referred to as the Taylor-Proudman theorem, which is com-
monly credited to Taylor (1917); Proudman (1916). The same principle that
we reference here, that barotropes rotate on cylinders, is also referred to in
the literature as the Poincare´-Wavre therom (Tassoul 2000, Section 3.1.2) and
the von Zeipel condition (von Zeipel 1924).
The angular frequency can be obtained from Equation (68) as
Ω = ΩK(r)
√
1 + p
c2s0
v2K(r)
, (73)
where the Keplerian frequency is
ΩK(r) =
vK(r)
r
=
√
GM
r3
. (74)
The generalized gravito-thermal potential Θ and the angular
frequency Ω are both independent of height, as expected.
Expanding Equations (70) and (73) in radius around r0, we
obtain expressions for the local values the angular frequency
Ω0 and the shear rate S0 that can be used, in the framework of
the VGSB, to study isothermal disks which are not necessarily
thin compared to the local radius r0, i.e.,
ρ0(z) = ρ0 exp
[
−v
2
K0
c2s0
(
1− 1√
1 + (z/r0)2
)]
, (75)
Ω0 = ΩK0
√
1 + p
c2s0
v2K0
, (76)
S0 = −3
2
ΩK0
(
1 +
2p
3
c2s0
v2K0
)(
1 + p
c2s0
v2K0
)−1/2
, (77)
where we have defined vK0 ≡ vK(r0) and ΩK0 ≡ ΩK0(r0).
These expressions are useful to show that in the limit of
a cold, thin disk, i.e., cs0  vK0, the density profile be-
comes ρ0(z) = exp[−(z/H0)2/2], with H0/r0 = cs0/vK0,
and the angular frequency and shear rate become Ω0 = ΩK0,
S0 = −3/2ΩK0, respectively, and Equations (57)–(60) re-
duce to the equations for the SSB.
4.3. Examples of VGSB Models for Global Equilibria
We now consider two families of baroclinic, global disk
equilibria that are characterized by angular frequencies and
shear rates that depend on height, and are thus impossible to
study within the standard shearing box approximation. The
VGSB framework, embodied in Equations (57)–(59), together
with their associated boundary conditions, can be used to pro-
duce axisymmetric, vertically global, horizontally local mod-
els for these astrophysical disks. After these examples, we
summarize the new aspects of the baroclinic VGSB.
4.3.1. VGSB for Global Disk Models with Cylindrical
Temperature Structure
There is a family of disk models which are isothermal in
the vertical direction at any fiducial radius. These have been
used, for example, by Nelson et al. (2013). The corresponding
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Figure 2. A global hydrostatic equilibrium with spherical temperature structure and local approximations. The analytical forms for the global and VGSB
equilibrium are given in Section 4.3.2, with µ = 3 and ν = 97, yielding an aspect ratio of 0.1. The three panels show, from left to right, the logarithm of
temperature, logarithm of pressure, and angular velocity. Global: exact global equilibrium. VGSB: vertically global, horizontally local approximation. SSB:
standard shearing box, horizontally and vertically local. In line with the analysis in Appendix D these plots show only the regions z <
√
xr0.
global hydrostatic equilibrium configuration is given by
T (r) ≡ T0
(
r
r0
)q
, (78)
ρ(r, z) = ρ0
(
r
r0
)p
exp
[
−v
2
K
c2s
(
1− 1√
1 + (z/r)2
)]
,
(79)
Ω(r, z) = ΩK
√√√√1 + (p+ q) c2s
v2K
+ q
(
1− 1√
1 + (z/r)2
)
,
(80)
where cs stands for the sound speed, assuming an ideal gas,
c2s (r) = c
2
s0
(
r
r0
)q
. (81)
The local expansions involved in the VGSB for this global
baroclinic equilibrium disk model are
Ω0(z) = ΩK0
√√√√1 + (p+ q) c2s0
v2K0
+ q
(
1− 1√
1 + (z/r0)2
)
,
(82)
S0(z) = −3
2
ΩK0
×
[
1 +
(2− q)(p+ q)
3
c2s0
v2K0
+ q
(
1− 1 + (2/3)(z/r0)
2
[1 + (z/r0)2]3/2
)]
×
[
1 + (p+ q)
c2s0
v2K0
+ q
(
1− 1√
1 + (z/r0)2
)]−1/2
,
(83)
with vK0 = vK(r0) and ΩK0 = ΩK0(r0).
Note that all the explicit z–dependences in Ω0(z) and S0(z)
arise only when q 6= 0. This is in agreement with the
isothermal case, corresponding to q = 0, in which the an-
gular frequency is independent of height. It can also be
seen from inspection of these equations that in the thin disk
limit, i.e., cs0/vK0 → 0, the VGSB reduces to the SSB with
Ω0(0) = ΩK0, V0(z) = 0, and S0(z) = −(3/2)ΩK0, pro-
vided that z  r0, even if the temperature depends on radius,
i.e., q 6= 0. This is what ultimately justifies the use of a col-
lection of SSBs to produce local barotropic equilibrium disk
models, with height-independent angular frequency at differ-
ent radii, even though the underlying global disk model has a
baroclinic equilibrium structure.
4.3.2. VGSB for Global Disk Models with Spherical Temperature
Structure
A spherical temperature dependence of the form
T (r, z) ≡ T0 r0√
r2 + z2
, (84)
leads to a global hydrostatic disk configuration given by
ρ(r, z) = ρ0
(
r√
r2 + z2
)ν (√
r2 + z2
r0
)1−µ
, (85)
Ω(r, z) =
√
ν
cs0
r
(√
r2 + z2
r0
)−1/2
. (86)
Here, the power-law coefficients ν and µ are related via
ν + µ =
v2K0
c2s0
, (87)
and the sound speed is
c2s (r, z) = c
2
s0
r0√
r2 + z2
, (88)
where cs0 = cs(r0, z) is the sound speed at the midplane at
r = r0. Such models have been used, for example, by Suzuki
& Inutsuka (2014).
The expansion of these expressions leads to the VGSB
model corresponding to a global disk with a temperature
structure varying in spherical shells. The local angular fre-
quency and shear rate are, respectively,
Ω0(z) = ΩK0
√
ν
ν + µ
[
1 +
(
z
r0
)2]−1/4
, (89)
S0(z) = −ΩK0
√
ν
ν + µ
×
[
3
2
+
(
z
r0
)2][
1 +
(
z
r0
)2]−5/4
. (90)
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In the limiting case in which µ = 0; the angular frequency
and the shear rate take the Keplerian values at the midplane,
i.e., Ω0(0) = ΩK0 and S0(0) = −(3/2)ΩK0, and the param-
eter ν = v2K0/c
2
s0 alone determines the disk thickness.
4.3.3. New Aspects of the VGSB
The approach that we followed in deriving the equations
defining the framework of the VGSB is similar in spirit to the
one employed in the derivation of the SSB. This consists of
expanding the steady sate bulk flow, retaining only the lead-
ing order terms in the ratio x/r0. The significant difference
resides in that we have avoided making any expansion in the
vertical direction. This allows us to retain the full height-
dependence of the angular frequency. This is essential when
dealing with disks in which the equilibrium structure is de-
scribed by a baroclinic equation of state, since their angular
frequency is in general a function of height.
In order to illustrate the new aspects that are open to ex-
amination by retaining the full height-dependence in Equa-
tions (25), (53), and (54), let us consider a baroclinic equilib-
rium global disk model, in which the temperature is a func-
tion of the spherical radius, as in Suzuki & Inutsuka (2014).
The four panels in Figure 2 compare the temperature, density,
pressure, and angular frequency corresponding to the global
equilibrium of the disk model (labeled “Global”), the local
equilibrium defining the VGSB, and local equilibrium that
would result in the SSB.
The VGSB provides a local representation of a global baro-
clinic equilibrium disk model, capturing effects that the SSB
would not be able to account for. Because the lowest order
discarded in Equation (25) is O(x2/r20), the radial depen-
dence of the angular frequency is correct, to linear order in ra-
dius, for all heights.6 Moreover, the VGSB retains the correct
global vertical gradients in temperature, density, and pressure,
while neglecting the local radial variation of the isopycnic,
isothermal, isobaric surfaces. This is in sharp contrast with
the local equilibrium involved in the SSB framework that is
unable to capture the variation of the angular frequency with
height, preventing its use when modeling disks with a baro-
clinic equilibrium structure. Note also that, for the case under
consideration, the equilibrium density and pressure profiles
involved in the standard isothermal shearing box are less ac-
curate than the ones associated with the VGSB.
In the next two sections, we illustrate how the VGSB
framework relates to, and extends, previous treatments of
two disk instabilities that are relevant for a wide variety
of astrophysical disks; namely the VSI, also known as the
Goldreich-Schubert-Fricke (GSF) instability (Goldreich &
Schubert 1967; Fricke 1968), and the MRI (Balbus & Hawley
1991). These instabilities will be the subject of future, more
detailed, work.
5. VSI IN THE VGSB
Unmagnetized disks with shear profiles that depend on
height have been long suspected to be unstable to various
instabilities that feed off this angular frequency gradient.
6 Note that the radially local expansion removes the radial variation of
temperature, resulting in a barotropic pressure-temperature relationship in the
VGSB equilibrium, while the vertical shear of the global baroclinic equilib-
rium is retained.
The pioneering studies of Goldreich & Schubert (1967) and
Fricke (1968) invoked local approximations in both radius
and height, capturing the essence of these instabilities but
leaving open questions about their global behavior. These
instabilities have been studied locally, and in conjunction
with magnetorotational instability, in the context of accretion
disks. It has been suggested that they can play a role in the
low-conductivity regime characterizing protoplanetary disks
(Urpin & Brandenburg 1998; Ru¨diger et al. 2002; Urpin 2003;
Arlt & Urpin 2004). The global, nonlinear evolution of these
instabilities has ben recently studied in Nelson et al. (2013)
by performing numerical simulations. This work includes an
extension of the original local analysis, by considering the ef-
fects of compressibility and also an approximate, vertically
global linear mode analysis. In this section, we show that the
VGSB formalism recovers the local dispersion relation found
in Nelson et al. (2013) and can be used to address their ver-
tically global mode analysis without invoking the approxima-
tions related to compressibility considered by the authors.7
There are general considerations which are common to both
local and global approaches in height. Let us first write the
VGSB equations for an unmagnetized disk for which the lo-
cal angular frequency and shear rate derive from a global disk
model with temperature T (r) dependent on the cylindrical ra-
dius, as described in Section 4.3.1. Following Nelson et al.
(2013), we make the change of variables Π ≡ log ρ so that
Equations (57)–(60) become
D0Π +w · ∇Π +∇ ·w = 0 , (91)
(D0 +w · ∇)w + wz ∂V0(z)
∂z
yˆ =
− 2Ω0(z)zˆ ×w − S0(z)wxyˆ − ∇P
ρ
− ∂Φ0(z)
∂z
zˆ .
(92)
In order to derive the equations for the linear mode analysis
that lead to the VSI starting from Equations (91) and (92),
we proceed as follows: (i) we write the density variable
as Π = Πh + Πf , i.e., the sum of its hydrostatic value
and a fluctuation over this background, and the pressure as
P = c2s (r0, z)ρ. (ii) We use the scales of length and time pro-
vided by r0 and Ω0(0)−1 to define the dimensionless variables
x/r0 → x and tΩ0(0) → t, so that S0(z)/Ω0(0) → S0(z)
is the dimensionless shear rate, cs0/r0Ω0(0) → cs is the
dimensionless sound speed, etc. (iii) We assume that all
the perturbations are small and axisymmetric. (iv) We fo-
cus on radial scales that are small compared to the fiducial
radius r0 and take the Fourier transform of the set of equa-
tions (91) and (92), which reduces to making the substitution
f(x, z) → f˜(kx, z) exp(σt + ikxx), for all flow variables,
Πf , wx, wy , and wz , where the tilde denotes Fourier ampli-
tudes. This procedure leads to the following set of dimension-
7 After a preprint of this paper was first posted on the arXiv, several other
works have treated the VSI, including Stoll & Kley (2014); Barker & Latter
(2015); Lin & Youdin (2015), and Umurhan et al. (2015). Notably Lin &
Youdin (2015) discuss the effects of fully removing the background radial
pressure gradient, as done in this section.
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Figure 3. Comparison of the eigenvalues for the Nelson et al. (2013) ap-
proximation (their equation 39 8) and the fully compressible analysis given
here for the parameters as listed in Nelson et al. (2013) (in our scaling
kx = +200pi, p = −1.5, q = −1, cs0/vK = 0.05,−5 ≤ z/Hc ≤ 5).
To convert the values here to those scaling of Nelson et al. (2013) multiply
by 2pi. Symbols: + denotes our result, × denotes result calculated follow-
ing Nelson et al. (2013). The main effect of including compressibility is to
reduce the growth rate of the surface modes.
less equations
σΠ˜f = −w˜z∂zΠh − ikxw˜x − ∂zw˜z , (93)
σw˜x = 2Ω0(z)w˜y − ikxc2s Π˜f , (94)
σw˜y = − [2Ω0(z) + S0(z)] w˜x − w˜z∂zV0(z) , (95)
σw˜z = −c2s0∂zΠ˜f . (96)
5.1. Vertically Local Analysis of VSI
Let us first show that the equations for the VGSB lead to
the dispersion relation derived by Nelson et al. (2013, sec-
tion 6.1), which is a generalization of the dispersion rela-
tion derived originally by GSF (Goldreich & Schubert 1967;
Fricke 1968), who considered an incompressible gas. In or-
der to do this, we restrict the analysis to the vertical location
about the height z = z0, focusing on scales that are small
in both the radial and vertical direction. Note that, in this
case, the convenient time scale to define dimensionless vari-
ables is Ω0(z0)−1. Taking the Fourier transform of the set
of equations (91) and (92) reduces to making the substitution
f(x, z)→ f˜(kx, kz) exp(σt+ ikxx+ ikzz), so that
σΠ˜f = w˜z
g
c2s0
− ikxw˜x − ikzw˜z , (97)
σw˜x = 2Ω0w˜y − ikxc2s0Π˜f , (98)
σw˜y = − (2Ω0 + S0) w˜x − w˜z∂zV0 , (99)
σw˜z = −ikzc2s0Π˜f , (100)
where the background quantities are understood to be evalu-
ated at z0 and we have used that ∂zΠh = −g/c2s0, where g is
the local value of the gravitational accelleration.
The characteristic polynomial of the homogeneous system
of equations (97)–(100) yields the dispersion relation in terms
of dimensionless variables
σ4 + σ2
[
c2s0(k
2
x + k
2
z) + igkz + 2(S0 + 2Ω0)Ω0
]
+ 2(S0 + 2Ω0)Ω0(c
2
s0k
2
z + ikzg)− 2Ω0c2s0kxkz∂zV0 = 0 .
(101)
This result is equivalent to the equation one before Equa-
tion (32) in Nelson et al. (2013). Therefore, the dispersion
relation of the VSI present in global disk models with height-
dependent angular frequencies is correctly obtained by the
VGSB framework.
5.2. Vertically Global Analysis of VSI
In this section we perform a vertically global analy-
sis of isothermal, axisymmetric unmagnetized perturbations
by solving the coupled set of ordinary differential equa-
tions (93)–(96). For a fixed radial wavenumber kx  1, the
solution to the eigenvalue problem defined by these equations
yields a set of eigenfunctions Π˜f , w˜x, w˜y , and w˜z associated
with the eigenvalues σ. We are particularly interested in find-
ing the modes with growing amplitude, i.e., where the real
part of the eigenvalue σr > 0.
We compare the eigenvalues for a given set of parameters to
those found through the approximated eigenproblem derived
by Nelson et al. (2013), which invokes additional approxima-
tions. Reasonable agreement is found, as shown in Figure 3,
with the main difference being that the surface modes show
slower growth when full compressibility is retained.
We illustrate the eigenmodes present in a disk model with
cylindrical temperature structure T (r), as presented in Sec-
tion 4.3.1, in Figures 3 and 4. We consider as an example
a global disk model with p = −1.5, q = −1.0, and the fi-
nite domain −5 ≤ z/Hc ≤ 5, where Hc/r0 = cs0/vK0 and
cs0/vK0 = 0.05. These parameters match those presented in
Nelson et al. (2013). We solve the problem corresponding to a
single radial wavenumber kx = ±200pi, associated to a wave-
length of 10−2r0, as follows. We discretize the problem in
terms of Chebyshev cardinal functions on the Gauss-Lobatto
grid, and the boundary condition w˜z = 0 is enforced by the
“boundary bordering” method (Boyd 2000). We vary the res-
olution, using a maximum of 300 grid points (yielding a 1200
by 1200 matrix) to obtain the converged eigenvalues shown.
The basic pattern of modes shown in Figure 3 agrees well
with the approximate analysis carried out by Nelson et al.
(2013), who solved a second order differential equation that
results from combining and approximate Equations (93)–(96)
8. The important difference between these two approaches is
that Nelson et al. (2013) make an approximation which re-
moves full compressibility from the problem. We see that the
fastest growing modes are relatively damped when full com-
pressibility is retained in our analysis. In order to facilitate
making a connection to their findings, we discuss the modes
that we obtained using their terminology.
The eigenvalues have the symmetry in the complex plane
σ = σr + sign(kx)|σi|. The fastest growing modes are a
branch of “surface” modes with degenerate eigenvalues. In
Figure 4 we show eigenfunctions where all components have
been normalized by the complex value
Π˜f (−zm)
[∫ zm
−zm
|Π˜f (z)/Π˜f (−zm)|2dz
]1/2
(102)
where zm is the maximum z of the domain. Because the
Fourier amplitudes given by solving the eigenproblem as
8 Note that Equation (39) of Nelson et al. (2013) contains a typo. It should
have −σ2k2 as the final term according to their previous equation.
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Figure 4. Four example eigenfunctions, transformed to real space, of the VSI, with normalization as given in text. Top Two Rows: the two degenerate fastest
growing surface modes with degenerate eigenvalues, both modes have σ ≈ 0.0823± 0.0713i. Third Row: fundamental corrugation mode with σ ≈ 0.0210±
0.0380i. Fourth Row: fundamental breathing mode with σ ≈ 0.0298± 0.0535i.
posed in transformed-x Fourier space for +kx and −kx are
complex conjugates, they correspond to a single real-valued
eigenfunction when the x-direction Fourier transformation is
inverted to bring the eigenfunction into real space. There-
fore, we have plotted this real-valued eigenfunction result-
ing from the +kx and −kx pair. The first and second row
in Figure 4 illustrate the fastest growing pair of modes with
degenerate eigenvalue. A branch of eigenvalues proceeding
from the origin of the complex plane contains the fundamen-
tal body modes, which are associated with “corrugation” and
“breathing” modes. Like in Nelson et al. (2013), the eigen-
value closest to the origin is associated with the fundamental
corrugation mode, shown in the third row of Figure 4. Next
on this branch is the fundamental breathing mode, shown in
the fourth row of Figure 4.
Repeating the same calculation with a larger finite domain
−8 ≤ z/Hc ≤ 8, and thicker disk cs0/vK0 = 0.1 yields in-
stead the modes shown in Figure 5. The remarkable change
is the introduction if high frequency oscillations at high alti-
tudes. The prodigious number of fast growing surface modes
which appear in this calculation as the vertical size of the do-
main is increased suggests that magnetic fields will be a sig-
nificant consideration in the astrophysical context for vertical
shear instabilities. In the low density regime high above the
disk midplane the gas will almost certainly be ionized in many
types of astrophysical disks; the presence of magnetic fields
ought then to have a significant impact on the dynamics of
these instabilities.
6. MRI IN THE VGSB
Following, and extending, the general technique of Latter
et al. (2010), we perform a linear stability analysis of the MRI
in the framework of the VGSB. In order to derive the equa-
tions for the linear mode analysis that lead to the MRI, we
assume a homogeneous background magnetic fieldB = B0zˆ
and examine the evolution of the perturbations of the form
f(z) exp(σt) for the velocity and magnetic field components
wx, wy , Bx, By , considering δρ = wz = 0. Upon substitu-
tion in Equations (57)–(60) and linearizing in the perturbation
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Figure 5. Four example eigenfunctions, transformed to real space, of the VSI, with normalization as given in text. Top Two Rows: the two degenerate fastest
growing surface modes with degenerate eigenvalues, both modes have σ ≈ 0.184 ± 0.0316i. Third Row: fundamental corrugation mode with σ ≈ 0.0265 ±
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Figure 6. Vertical shear rate in a VGSB model associated with a disk with
a global spherical temperature structure, see Section 4.3.2. The solid line
corresponds to a thin disk with µ + ν = 100, whereas The dashed line
corresponds to a thick disk with µ+ ν = 10.
amplitudes, the equations for the perturbation are
σwx = 2Ω0(z)wy +
B0
µ0ρ0(z)
dBx
dz
, (103)
σwy = − [2Ω0(z) + S0(z)]wx + B0
µ0ρ0(z)
dBy
dz
, (104)
σBx = B0
dwx
dz
, (105)
σBy = S0(z)Bx +B0
dwy
dz
. (106)
In a similar way as we did for the VSI, it is convenient to
use the scales of length and time provided by r0 and Ω0(0)−1
in order to define dimensionless variables, i.e., x/r0 → x and
tΩ0(0) → t, etc. Note that the time unit of the growth rate σ
is 1/Ω0(0), so its actual value will depend on the parameters
of the shearing box model employed.
The set of equations (103)–(106) generalize Equa-
tions (12)–(15) in Latter et al. (2010) 9. to include the ef-
9 Note a typo in Equation (15) of Latter et al. (2010), where the second
term on the left should include a factor of Ω.
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fects of height-dependent angular frequency and shear rate
that arise in the context of baroclinic equilibrium disk models.
For the sake of simplicity, and in order to make a direct con-
nection with the linear mode analysis in Latter et al. (2010),
we have neglected the term proportional to B0∂zV0 on the
right hand side of Equation (106), which contributes to the
secular evolution of the magnetic field. This is a sensible ap-
proximation if the associated modes are localized in height in
regions where the vertical shear rate ∂zV0 is smaller than the
growth rate of the unstable modes. Figure 6 shows the vertical
shear rate ∂zV0 for two spherical temperature structure VGSB
models, and the case which we consider below is roughly
compatible with this approximation. However, though for the
thin disk case the instability growth is roughly ten times faster
than than the vertical shear rate at Hs = 1, this separation is
such that the possible effects warrant further exploration in
the future.
In order to illustrate how the MRI modes are affected,
we examine the spectrum of growing modes present in a
disk with spherical temperature structure, T (
√
r2 + z2), as
discussed in Section 4.3.2, taking as an example the µ +
ν = 100. These values corresponding to a scale height of
Hs/r0 =
√
2cs(0)/vK0 =
√
2, and magnetic field strength
B0/(r0Ω0(0)
√
µ0ρ0(0) ) = 0.0469.
We solve the eigenproblem posed by Equations (103)–(106)
by discretizing in the infinite domain −∞ < z <∞ in terms
of rational Chebyshev cardinal functions on the “roots”, or in-
terior grid. For the set of chosen parameters, 200 grid points
were sufficient to obtain converged results. We adopted the
same set of boundary conditions used in Latter et al. (2010),
i.e., Bx = By and dwx/dz = dwy/dz = 0. To make the
problem numerically tractable, we limit ρ0(z) to a minimum
value of 10−8, which is equivalent to limiting the Alfve´n
speed at high altitudes. The VGSB model of this partic-
ular disk model has one more unstable eigenmode than in
the SSB. Note that our VGSB analysis yields growth rates
scaled by Ω0(0), which is smaller than the Keplerian fre-
quency. Thus, even though the parameters characterizing the
specific VGSB model do not appear explicitly in the linear
analysis, the physical values obtained do depend on them. If
we consider µ = 3, then in the VGSB model analyzed here
Ω0(0) =
√
ν/(ν + µ) ΩK0 =
√
97/100 ΩK0. This implies
that the physical growth rate of the MRI is smaller in the
VGSB model of this particular disk than in the SSB. In addi-
tion to solving the eigenproblem for the VGSB, we solve the
matching problem for the SSB by using an isothermal disk
with the same midplane density and scale height Hs as used
in the VGSB. The magnetic field and velocity perturbations
of the eigenmodes, shown in Figures 7 and 8, are direction-
ally orthogonal in the SSB, whereas in the VGSB this is not
the case. The eigenmodes in the VGSB are generally more
complex, and, as it can be seen from these figures, they do not
appear to have such a simple ordering in terms of the number
of nodes as the SSB eigenmodes do.
7. DISCUSSION
The framework of the VGSB allows, for the first time, to
develop models for astrophysical disks which are local in ra-
dius but are global in height, in that no expansion is made
vertically. This is critical to study astrophysical disks where
the equilibrium cannot be described by a barotropic equation
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Figure 7. Illustration of the velocity field components wx (solid line) and
wy (dashed line) corresponding to the (normalized) MRI modes, which have
been ordered from top to bottom from fastest to slowest growth rate, as shown
in the uppermost set of panels. The results obtained in the standard shearing
box used in Latter et al. (2010) are shown on the left, whereas the modes
computed in the VGSB, representing a radially local region of a disk with
spherical temperature structure, are shown on the right.
of state, as these, in general, do not rotate on cylinders and
are thus not amenable to the SSB framework (see Figure 1).
The VGSB naturally accounts for height-dependent radial and
vertical flux of fluid and electromagnetic momentum in the az-
imuthal direction. This is relevant for the dynamics of disks
with baroclinic equilibrium structure, especially if these can-
not be regarded as thin. Physical domains with a large vertical
extent allow for the global magnetic field threading the disk
to be efficiently anchored into the surrounding medium. The
coupling between stresses and shear, both radial and vertical,
can efficiently transport momentum and energy to/from the
disk. We envision that these effects will have important con-
sequences, for example, in the study of the coupled dynamics
between disks and their coronae and winds.
Because of its inherent local character, the framework pro-
vided by the SSB is well suited to study physical processes
involving scales that are smaller than the characteristic disk
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Figure 8. Illustration of the magnetic field components Bx (solid line) and
By (dashed line) corresponding to the (normalized) MRI modes. Other de-
tails are identical to those described in the caption of Figure 7.
scales. Global disk simulations, which are becoming ever
more accessible (Flock et al. 2011; Hawley et al. 2011), are
useful for understanding the large-scale disk dynamics but
face the challenge of resolving the physical processes at small
scales. In order to understand how local and global processes
interact, it is desirable to devise a framework to bridge local
and global approaches. Hence, there have been several initia-
tives to relax the local character of the SSB.
7.1. Previous Works Beyond the Standard Shearing Box
The periodic “shearing disk” annulus introduced in Klahr
& Bodenheimer (2003) relaxes the condition of azimuthal lo-
cality by building a radially periodic annulus and remapping
quantities across the radial background according to an im-
posed power-law radial disk structure. This approach involves
equations which have explicit coordinate dependence in the
direction where the computational domain is shear-periodic.
Therefore, the flow properties present a jump at the shearing
boundary, which might lead to unphysical effects. In this con-
text, the formulations presented in Brandenburg et al. (1996)
and Obergaulinger et al. (2009) complement each other in the
sense that they retain the terms accounting for finite curvature
but discard global gradients and vice-versa, but both lead to
similar issues.
There have been several attempts to make the SSB global
in height. Foremost, Goldreich & Lynden-Bell (1965) treated
the case of a polytropic gas, but only made local expansions
in the horizontal direction. An early example of modifying
the vertical gravity in a SSB is given in Matsuzaki et al.
(1997), where the full z-dependence of the vertical compo-
nent of the gravitational force is considered with an isother-
mal gas. Several other authors have used similar approaches,
for both galactic (e.g. Korpi et al. 1999) and Keplerian disks
(e.g. Suzuki et al. 2010). These works assume that all the
global effects in the vertical direction can be accounted for
by modifying only the momentum equation in the z-direction
and exclusively through the term ∂zΦ0(z)zˆ. When the gas in
the global equilibrium configuration is strictly baroptropic, it
must rotate on cylinders, and the height-independent shear in
the SSB is a consistent approximation (given the caveats in
Appendix D). Importantly, in the case that the gas is assumed
to be isothermal, the SSB provides a consistent approach if the
global disk configuration, at all radii, is isothermal. If another
equation of state for the hydrostatic structure is used, or if the
global configuration of which the shearing box is a small part
has a radial temperature gradient, then the VGSB provides a
viable framework going beyond these previous approaches,
with important modifications beyond the SSB formalism, see
Equations (57)–(59).
7.2. Limitations of the VGSB
The generalization of the SSB to account for the full ver-
tical variation of gravity and the presence of vertical shear,
inherent to global baroclinic disk models, does posses limita-
tions. Some of these limitations are also characteristic of the
SSB, while others are inherent to the VGSB.
It should be clear that the VGSB, as well as the SSB, frame-
work consists of a set of dynamical equations for the pertur-
bations with respect to a time-independent background rep-
resenting a smaller section of a steady global disk model. In
this approach, by construction, the fluctuations cannot modify
the dynamics of the background. This could be considered a
serious limitation, however, this kind of approach as embod-
ied in the SSB has proven exceptionally useful as a workhorse
to understand a wide variety of phenomena in disks. Another
limitation of the VGSB, that is shared by the SSB, is that the
local approximation in radius prevents the full consideration
curvature terms, which are inherent to the cylindrical geome-
try usually employed to model disks (see Appendix C).
The set of equations that define the SSB can be obtained by
expanding in radius and height either the gravitational poten-
tial of a point source or the Keplerian background flow that
ensues when radial pressure support can be neglected. In or-
der to derive the equations defining the VGSB we have ap-
proximated the background flow itself. The body and frame
forces which appear in this formulation relate to a fluid ele-
ment in that flow with the given global thermodynamics, not
the forces on a test particle. Thus, these forces are not the
same as an expansion of the tidal potential about a Keplerian
orbit. In the special case of a barotropic global equilibrium,
the body forces do correspond to a conservative potential, but
in general for baroclinic backgrounds this is not the case. The
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advantage of expanding the angular frequency is that its equi-
librium profile Ω(r, z) is sensitive to the equilibrium pressure
gradient, enabling access to rotation laws beyond strictly Ke-
plerian, in particular those with vertical shear.
The most important limitations of the VGSB stem from the
fact that we have opted to explore the consequences of impos-
ing height-dependent shearing-periodic boundary conditions
(see Section 3.3). In order to do this, we had to approxi-
mate Equation (42) and use Equation (43) instead. Whereas
this seems a reasonable approximation, it had in general un-
desired consequences for some basic conservation laws such
as Kelvin’s Circulation Theorem and Alfve´n’s Frozen-in The-
orem unless axisymmetry is imposed. In order to consider
height-dependent shearing-periodic boundary conditions we
also needed to understand under what circumstances it was
acceptable to neglect background pressure gradients. Even
though the VGSB can be considered to be global in height
because there is no need to expand the background in the z-
direction, the analysis we carried out of the pressure gradients
in Appendix D shows that it is necessary to limit the vertical
extent of the domain to z . √xr0. This is more restrictive
than z . r0, but nevertheless can accommodate for many
scale-heights with the added value of being able to account
for the full expression of the vertical gravity and vertical shear
within the domain.
The derivation of the VGSB formalism has allowed us to
shed light into several subtle issues that are usually not ad-
dressed in the context of the SSB, see e.g., Appendices D and
E. In spite of its limitations, the SSB has proven to be a useful
tool to learn about local disk dynamics. We believe that the
VGSB will allow the relaxation of some of the assumptions
that have been widely adopted by using the SSB. In particu-
lar, it will enable the investigation of some dynamical aspects
of astrophysical disks that cannot be studied with the SSB and
for which full global modeling is too demanding.
7.3. Applications of the VGSB
We anticipate that the VGSB framework, summarized in
Appendix B, will benefit the modeling of a wide variety of
phenomena in astrophysical disks. The advances made possi-
ble with respect to the SSB will depend on the nature of the
physical phenomena under study, e.g.,:
Hydrodynamic Disk Instabilities — The VGSB framework may
be used for the local study of vertical shear instabilities, such
as GSF instability (Goldreich & Schubert 1967; Fricke 1968)
and generalizations (Nelson et al. 2013). We have demon-
strated in Section 5 that the VGSB captures the correct local
linear behavior. It should also be useful to analyze the prop-
agation of hydrodynamic waves in disks (Lubow & Pringle
1993; Korycansky & Pringle 1995).
Disk Convection — Vertical convective instabilities in disks
(Lin & Papaloizou 1980) have been studied with the SSB as
an angular momentum transport mechanism. Though early
studies (Ryu & Goodman 1992; Cabot 1996; Stone & Bal-
bus 1996) gave negative results, Lesur & Ogilvie (2010) have
suggested that earlier models are under-resolved, and outward
angular momentum transport is possible. The VGSB frame-
work enables to study the effects that vertical shear can have
on the long-term evolution of convective motions in a way
which is not accessible with the SSB.
Disk Coronae — Previous standard stratified shearing box
simulations show the buoyant rise of magnetic field to the
upper disk layers (Miller & Stone 2000; Davis et al. 2010),
where it is thought to dissipate giving rise to a hot corona
(Galeev et al. 1979). If the disk’s equilibrium structure is not
barotropic, the fact that the shear, i.e., the source of free en-
ergy, decreases with height can have important implications
for the turbulent disk dynamics and energetics in the disk
corona. This could affect the vertical disk structure (Turner
2004; Johansen & Levin 2008; Blaes et al. 2011) and its
corona (Blackman & Pessah 2009). These effects could be
important for thick disks, such as advection dominated ac-
cretion flows (ADAFs) (Ichimaru 1977; Narayan et al. 1998;
Blandford & Begelman 1999).
Disk Winds — Standard shearing boxes extended in height
have been used to study the MRI (Balbus & Hawley 1991)
as a mechanism for launching disk winds (Suzuki & Inutsuka
2009; Suzuki et al. 2010; Ogilvie 2012; Moll 2012; Bai &
Stone 2013; Fromang et al. 2013; Lesur et al. 2013) though
only in the framework provided by modifying the gravita-
tional forces through the term ∂zΦ0(z)zˆ. We have shown in
Section 6 that the linear MRI is modified by effects included
in the VGSB for disks with baroclinic equilibria. Because the
wind dynamics are particularly sensitive to the forces acting
on the fluid far away from the midplane, the VGSB provides
a more general framework for local studies of this nature.
Interstellar Medium and Galactic Disks — In galactic disks,
the VGSB makes it possible to capture critical physics for
studying the nonlinear evolution of the magnetorotational,
Parker, and magneto-Jeans instabilities (Kim et al. 2002; Pio-
ntek & Ostriker 2005). The framework provided by the VGSB
also allows for the inclusion of fundamental height-dependent
physical effects that can play an important role in the study of
star formation, galactic dynamos, and the structure of the in-
terstellar medium (de Avillez & Breitschwerdt 2005; Joung &
Mac Low 2006; Gressel et al. 2008).
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APPENDIX
A. DERIVATION OF THE MOMENTUM EQUATION
FOR DEPARTURES FROM THE BACKGROUND
BULK FLOW
Here, we provide the algebraic details involved in obtaining
the momentum equation (18) starting from Equation (16).
Let us first expand the left-hand side of Equation (16), LHS
for short, after substituting v = V(r, z)φˆ+w, we obtain
LHS =
(
∂
∂t
+ v · ∇
)
v (107)
=
∂w
∂t
+
(
V φˆ+w
)
· ∇
(
V φˆ+w
)
(108)
=
∂w
∂t
+ V φˆ · ∇
(
V φˆ
)
+ V φˆ · ∇w
+w · ∇
(
V φˆ
)
+w · ∇w . (109)
We now expand the last three terms, recalling that the dif-
ferential operators involved are in cylindrical coordinates and
using the definition of the bulk flow in terms of the angular
frequency V (r, z) = r[Ω(r, z)− ΩF]. This yields
LHS =
∂w
∂t
− V
2
r
rˆ
+ [Ω(r, z)− ΩF]
(
∂wr
∂φ
rˆ +
∂wφ
∂φ
φˆ+
∂wz
∂φ
zˆ
)
− V wφ
r
rˆ +
V wr
r
φˆ
− wφV
r
rˆ + wr
∂V
∂r
φˆ+ wz
∂V
∂z
φˆ+w · ∇w ,
(110)
=
∂w
∂t
− Ω2(r, z)rrˆ + 2Ω(r, z)ΩFrrˆ − Ω2Frrˆ
+ [Ω(r, z)− ΩF]
(
∂wr
∂φ
rˆ +
∂wφ
∂φ
φˆ+
∂wz
∂φ
zˆ
)
− 2 [Ω(r, z)− ΩF]wφrˆ + [Ω(r, z)− ΩF]wrφˆ
+ wr
∂r [Ω(r, z)− ΩF]
∂r
φˆ+ wz
∂V
∂z
φˆ+w · ∇w ,
(111)
=
∂w
∂t
− Ω2(r, z)rrˆ + 2Ω(r, z)ΩFrrˆ − Ω2Frrˆ
+ [Ω(r, z)− ΩF]
(
∂wr
∂φ
rˆ +
∂wφ
∂φ
φˆ+
∂wz
∂φ
zˆ
)
+ 2Ω(r, z)×w − 2ΩF ×w + wrr ∂Ω(r, z)
∂r
φˆ
+ wz
∂rΩ(r, z)
∂z
φˆ+w · ∇w . (112)
This completes the expansion of the left-hand side in terms of
the new velocity variable w.
We now proceed similarly with the right-hand side of the
momentum equation (16), RHS for short, by substituting v =
V(r, z)φˆ+w and expanding
RHS =− Ω2(r, z)rrˆ + 1
ρh
∂Ph
∂r
rˆ +
1
ρh
∂Ph
∂z
zˆ + Ω2Frrˆ
− 2ΩF × v − ∇P
ρ
+
1
ρ
J ×B , (113)
=− Ω2(r, z)rrˆ + 1
ρh
∂Ph
∂r
rˆ +
1
ρh
∂Ph
∂z
zˆ + Ω2Frrˆ
− 2ΩF ×
(
V φˆ+w
)
− ∇P
ρ
+
1
ρ
J ×B , (114)
=− Ω2(r, z)rrˆ + 1
ρh
∂Ph
∂r
rˆ +
1
ρh
∂Ph
∂z
zˆ − Ω2Frrˆ
+ 2ΩFΩ(r, z)rrˆ − 2ΩF ×w − ∇P
ρ
+
1
ρ
J ×B .
(115)
Equating the left-hand side expression (Equation 112) and the
right-hand side expression (Equation 115) and canceling out
the term−2ΩF×w which appears on both sides, the momen-
tum Equation (16) becomes, without approximation,
∂w
∂t
+ [Ω(r, z)− ΩF]
(
∂wr
∂φ
rˆ +
∂wφ
∂φ
φˆ+
∂wz
∂φ
zˆ
)
+w · ∇w + wrr ∂Ω(r, z)
∂r
φˆ
+ wz
∂rΩ(r, z)
∂z
φˆ+ 2Ω(r, z)×w
=
∇Ph
ρh
− ∇P
ρ
+
1
ρ
J ×B , (116)
which corresponds to Equation (18).
As stated in Section 3.1.1, a cancellation of terms from the
left and right-hand sides of the momentum equation results in
the term Ω(r, z)×w that looks similar to the Coriolis accel-
eration, i.e., ΩF ×w, but with the angular frequency Ω(r, z)
taking the place of the constant angular frequency of the ro-
tating frame ΩF.
B. SUMMARY OF THE VGSB EQUATIONS
Here we provide a self-contained summary of the equations
defining the VGSB.
VGSB Equations — The continuity, momentum, induction,
and energy equations in the VGSB are, respectively, given by
D0ρ+∇ · (ρw) = 0 , (117)
(D0 +w · ∇)w + wz ∂V0(z)
∂z
yˆ = −2Ω0(z)zˆ ×w
−S0(z)wxyˆ − ∇P
ρ
− ∂Φ0(z)
∂z
zˆ +
1
ρ
J ×B , (118)
(D0 +w · ∇)B −Bz ∂V0(z)
∂z
yˆ = S0(z)Bxyˆ
+ (B · ∇)w −B (∇ ·w) , (119)
D0e+∇ · (ew) = −P (∇ ·w) . (120)
Here, ρ is the mass density, w ≡ v − [V0(z) + S0(z)x] yˆ is
the velocity with respect to the local bulk flow in the disk, B
is the magnetic field, and e is the internal energy density. The
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pressure P is determined as a function of ρ and e, through
an appropriate equation of state. The current density is J ≡
∇ ×B/µ0, with µ0 a constant dependent on the unit system
adopted. All the operators in the VGSB equations are defined
in a cartesian coordinate system centered at the fiducial radius
r0.
For barotropic background equilibrium disc structures, the
above equations can be used in fully three dimensions, while
for baroclinic background equilibrium disc structures, these
equations must by restricted to axisymmetric solutions (y-
invariant).
VGSB Definitions — The equations defining the VGSB frame-
work depend on a number of functions of the coordinate z,
which result from local radial expansions of the global disk
model around the radius r0. The height-dependent advection
by the background shear, D0(z), is given by
D0(z) ≡ ∂
∂t
+ [V0(z) + S0(z)x]
∂
∂y
, (121)
where Ω0(z), V0(z), and S0(z) correspond, respectively, to
the local values of the background azimuthal velocity, angular
frequency, and background shear flow, which are all derived
from the angular frequency of the global disk model Ω(r, z),
i.e.,
V0(z) ≡ r0[Ω0(z)− Ω0(0)] , (122)
Ω0(z) ≡ Ω(r0, z) , (123)
S0(z) ≡ r0 ∂Ω(r, z)
∂r
∣∣∣∣
r=r0
. (124)
The gravitational potential in the VGSB Φ0(z) is given by the
value of the global gravitational potential Φ(r, z) at r0
Φ0(z) ≡ Φ(r0, z) . (125)
VGSB Boundary Conditions — For a domain with size Lx ×
Ly × Lz the horizontal boundary conditions are
f(x, y, z, t) = f(x+ Lx, y + S0(z)Lxt, z, t) , (126)
f(x, y, z, t) = f(x, y + Ly, z, t) . (127)
which correspond to a generalization of the shearing-periodic
boundary conditions adopted in the SSB.
C. NEGLECTING CURVATURE TERMS
The cylindrical coordinate system that we adopt to de-
scribe the global disk model leads naturally to the presence
of the quadratic terms −w2y/r0xˆ, wxwy/r0yˆ, −B2y/r0xˆ, and
BxBy/r0yˆ in the momentum equation (31). All of these
terms are usually neglected in the SSB. The terms related to
the velocity field can be neglected safely when they are small
compared to the corresponding components of the accelera-
tion −wyΩ0(z)xˆ and wxΩ0(z)yˆ. Both of these conditions
lead to the inequality wy  r0Ω0(z). The magnetic terms
−B2y/r0xˆ and +BxBy/r0yˆ in Equation (31) are usually ab-
sent in local studies (see Brandenburg et al. 1996 for an excep-
tion). If the magnetic field is sufficiently sub-thermal every-
where in the domain, these terms can be neglected (Pessah &
Psaltis 2005). However, they have been commonly neglected
even when this is not the case. This is perhaps because it is not
obvious that retaining them will lead to a physically consis-
tent problem in the framework of the shearing box. Consider,
for example, the case of a shearing box in which a strong net
azimuthal field develops as a consequence of the local disk
dynamics. This could lead to the force arising from the term
−B2y/r0xˆ to increase with time. However, this force cannot
be balanced by an increase in the centripetal acceleration as
the latter is fixed by the choice of the bulk flow (e.g. Lubow
& Spruit 1995). Note that all of this statements regarding
the quadratic terms that reminisce the curvilinear nature of
the original cylindrical coordinate system are independent of
whether the SSB, or the vertically global version developed in
this paper, is considered.
D. NONDIMENSIONALIZATION AND ORDERING
OF THE HYDRODYNAMIC MOMENTUM
EQUATION
A more rigorous description of the approximations that lead
to the equations for the VGSB can be made by introducing
nondimensional variables in order to expose the hierarchy of
the various terms involved. Here, we only deal with the hy-
drodynamic part of the momentum equation, for the magnetic
components we make the assumption that the magnetic field
are weak enough to not effect the global equilibrium back-
ground configuration. Our approach follows and generalizes
Umurhan & Regev (2004).
The hydrodynamic part of the momentum equation (22) is
given by
(D +w · ∇)w = −2Ω(r, z)zˆ ×w − S(r, z)wrφˆ
− wz ∂V (r, z)
∂z
φˆ+
∇P (ρh, eh)
ρh
− ∇P (ρ, e)
ρ
. (128)
We define a horizontal length scale λr, a vertical length scale
λz , time scale Ω−10 , pressure scale P0, and density scale ρ0.
Horizontal velocities are nondimensionalized by λrΩ0 and
vertical velocities by λzΩ0. We use primes to denote nor-
malized quantities, like w′r the radial component of the fluc-
tuation velocity, and ∂r′ the radial partial derivative with re-
spect to the radial nondimensional length, with radial length
nondimensionalized as x′ = x/λr. The components of the
momentum equation are thus
(D′ +w′ · ∇)w′r = 2Ω′(r, z)w′φ
+
(

δx
)2 [
∂r′P
′(ρh, eh)
ρ′h
− ∂r′P
′(ρ, e)
ρ′
]
, (129)
(D′ +w′ · ∇)w′φ = −2Ω′(r, z)w′r − S′(r, z)w′r
+
(

δx
)2 [
− (1/r
′)∂φP ′(ρ, e)
ρ′
]
, (130)
(D′ +w′ · ∇)w′z =(

δz
)2 [
∂z′P
′(ρh, eh)
ρ′h
− ∂z′P
′(ρ, e)
ρ′
]
. (131)
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where we have introduced the dimensionless parameters
 ≡ 1
Ω0r0
√
P0
ρ0
, (132)
δx ≡ λr
r0
, (133)
δz ≡ λz
r0
. (134)
Note that Ω0 is most readily identified as the Ω(r, z) appear-
ing at the location of the dynamics in question, not the Kep-
lerian frequency. Thus  is not directly the usual nondimen-
sional scale height. Taylor expanding in small δx about r0,
keeping only lowest order terms, and transforming to carte-
sian coordinates as this allows (Section 3.2) yields
(D′0 +w′ · ∇)w′x = 2Ω′0(z)w′y
+
(

δx
)2 [
∂x′P
′(ρh, eh)
ρ′h
− ∂x′P
′(ρ, e)
ρ′
]
, (135)
(D′0 +w′ · ∇)w′y = −2Ω′0(z)w′x − S′0(z)w′x
+
(

δx
)2 [
−∂y′P
′(ρ, e)
ρ′
]
, (136)
(D′0 +w′ · ∇)w′z =(

δz
)2 [
∂z′P
′(ρh, eh)
ρ′h
− ∂z′P
′(ρ, e)
ρ′
]
. (137)
We now decompose the pressure and density into their hydro-
static part and a their associated fluctuation as
P ′ ≡ P ′1 + P ′h , (138)
ρ′ ≡ ρ′1 + ρ′h . (139)
The components of the momentum equation then become
(D′0 +w′ · ∇)w′x = 2Ω′0(z)w′y
+
(

δx
)2 [
ρ′1∂x′P
′
h
ρ′h(ρ
′
h + ρ
′
1)
− ∂x′P
′
1
ρ′h + ρ
′
1
]
, (140)
(D′0 +w′ · ∇)w′y = −2Ω′0(z)w′x − S′0(z)w′x
+
(

δx
)2 [
− ∂y′P
′
1
ρ′h + ρ
′
1
]
, (141)
(D′0 +w′ · ∇)w′z =(

δz
)2 [
ρ′1∂z′P
′
h
ρ′h(ρ
′
h + ρ
′
1)
− ∂z′P
′
1
ρ′h + ρ
′
1
]
. (142)
The fluctuation pressure terms have the same scaling as the
background hydrostatic pressure terms, as in Umurhan &
Regev (2004). Using the expression for hydrostatic equilib-
rium given by Equation (14), we obtain the form of the radial
and vertical components of the acceleration as(

δx
)2
1
ρ′h
∂P ′h
∂x′
=
− (1 + δxx
′)
δx
[
Ω′2 − Ω′2K0
[
(1 + δxx
′)2 + δ2zz
′2]−3/2] ,
(143)
(

δz
)2
1
ρ′h
∂P ′h
∂z′
= −Ω′2K0z′
[
(1 + δxx
′)2 + (δzz′)2
]−3/2
.
(144)
The vertical acceleration depends only on the gravitational
potential, but the radial acceleration depends on the thermo-
dynamics of the hydrostatic equilibrium though the nondi-
mensionalized rotation Ω′.
In order to illustrate the procedure for determining the ap-
propriate expansion of the radial acceleration, we work with
the structure of the hydrostatic background provided by the
cylindrical temperature profile T (r), as in Section 4.3.1. This
thermal structure contains a barotropic equilibrium as a spe-
cial case. The nondimensional version of the rotation law
given by Equation (80) is
Ω′2 =Ω′2K0(1 + δxx
′)−3
(
+ (p+ q)2(1 + δxx
′)q+1
+ q
[
1− (1 + δxx
′)√
(1 + δxx′)2 + δ2zz′2
])
. (145)
When q = 0 this structure is isothermal, and barotropic, and
when  1 the disk is thin, with the rotation close to Keple-
rian.
D.1. Case of SSB and VGSB for a Globally Isothermal
Background
In order to connect our analysis with Umurhan & Regev
(2004), who considered the case with  = 0 and δx = δz , we
examine explicitly here the globally isothermal case with q =
0. Even though the equations that we presented for the VGSB
do not explicitly involve expansions in the vertical direction,
at this point in the analysis we do make such an expansion in
order to assess the conditions under which it is acceptable to
neglect the radial pressure gradients that need to be discarded
in order to impose shearing-periodic boundary conditions, as
discussed in Section 3.3. Thus, the results of this section
apply equally to the VGSB model for a globally isothermal
(barotropic) disk, as well as to the SSB.
Expanding the radial and vertical components of the accel-
eration about δx = 0 and δz = 0 we obtain, to leading order,
Ω′−2K0
(

δx
)2
1
ρ′h
∂P ′h
∂x′
' −p
2
δx
+ p2x′ − p2x′2δx
+p2x′3δ2x −
3z′2
2δx
δ2z + 6x
′z′2δ2z + . . . , (146)
Ω′−2K0
(

δz
)2
1
ρ′h
∂P ′h
∂z′
' −z′ + 3x′z′δx + 3
2
z′3δ2z + . . . .
(147)
It is evident, as any finite domain contains arbitrarily small
δx, that the only rigorous limit in which we can strictly justify
discarding every term on the right hand side of equation (146)
is the one corresponding to a disk with a constant midplane
density, p = 0, and/or infinitely thin,  = 0, in which the
characteristic scales of interest in the vertical direction vanish
identically, δz = 0. This is certainly not an interesting limit,
especially in the case where δx = δz . Perhaps this is the rea-
son for which these terms are usually discarded in the standard
20 MCNALLY & PESSAH
shearing box formalism, even though they cannot be strictly
neglected in a disk with a radial density gradient and/or non-
vanishing scale height when the vertical extent of the domain
does not vanish identically.
Having this caveat in mind, let us examine under what con-
ditions we can argue that the terms proportional to δx and δz
are sufficiently small that it is acceptable to neglect them. This
requires understanding when each of the dimensionless terms
in question is small compared to unity. In equation (146) for
the radial acceleration, the first term can be argued to be suf-
ficiently small for δx  1 provided that p2/δx  1, which
implies p ρ0(r20Ω20)/P0 ∼ (r0Ω0/cs)2. This condition can
be satisfied for power-law indices p of order unity. The sec-
ond term, of order δ0x, is small based on the same condition
as x′ is at most of order unity. The third and fourth terms
are clearly small for δx  1. The fifth term in this equation
is more difficult to deal with because it scales with the ratio
δ2z/δx. In the case considered by Umurhan & Regev (2004),
because δx = δz , this term is simply proportional to δx, and
it can be directly neglected in the limit δx  1, along with
the higher order terms in the radial acceleration. When the as-
sumption δx = δz is relaxed, the second term in the radial ac-
celeration is small when z′2δ2z  δx. Restoring dimensional
quantities, this condition becomes z  √λxr0 < √xr0. This
implies that the fifth term in the equation for the radial accel-
eration is small provided that the vertical extent of the domain
is smaller than the geometric mean between its radial extent
and the radial location of the box. Note that this condition is
more restrictive that requesting that z < r0, but far less re-
strictive than imposing that z vanishes identically. The higher
order terms, such as the sixth term on the right-hand side of
equation (146), are negligible provided that x r0. The ver-
tical acceleration in equation (147) does not depend on the
parameters p or . In this case, it is straightforward to neglect
higher order terms proportional to δx and δz with respect to
the leading term z′.
D.2. Case of VGSB for Cylindrical Temperature Profiles
Here, we generalize the above result in order to include
a baroclinic background with non-zero radial temperature
power law index q. The generalization of Equation (146) is
Ω′−2K0
(

δx
)2
1
ρ′h
∂P ′h
∂x′
' − (p+ q)
2
δx
+ (1− q)(p+ q)2x′
− 1
2
(q − 2)(q − 1)(p+ q)2x′2δx
− 1
6
(q − 3)(q − 2)(q − 1)(p+ q)2x′3δ2x
− (3 + q)z
′2δ2z
2δx
+ (6 + 2q)x′z′2δ2z + . . . . (148)
It is clear that there is a one-to-one correspondence between
each of the terms present in Equation (148) and the ones ap-
pearing in Equation (146). For any reasonable value of q, the
numerical coefficients in both equations are of the same order.
Because of this, the conditions required to neglect each of the
terms in Equation (148) and Equation (146) are, within fac-
tors of order unity, identical. The equation for the expansion
of the vertical pressure gradient is independent of q and thus
identical to Equation (147).
From the analysis in this appendix, we thus conclude that,
within factors of order unity, the requirements to neglect the
radial background pressure gradients in the VGSB are ex-
pected to be similar to the ones involved in the SSB.
E. POTENTIAL VORTICITY AND ERTEL’S
THEOREM
In previous sections of this paper, we have addressed the
impact that the approximations embodied in the VGSB frame-
work have on Kelvin’s Circulation Theorem and Alfve´n’s
Frozen-in Theorem and showed that these are satisfied if the
fluid is barotropic or axisymmetric. Another important con-
servation law is given by Ertel’s Theorem, which governs
the evolution of the potential vorticity (ωa · ∇A)/ρ, where
ωa = ∇× v + 2ΩF is the absolute vorticity and A is a fluid
property advected with the flow, according to (Pedlosky 1982)(
∂
∂t
+ v · ∇
)[
ωa
ρ
· ∇A
]
=
∇ρ×∇P
ρ3
· ∇A . (149)
Note that for any conserved scalar field A, Ertel’s Theorem
leads to a conservation law for the potential vorticity if the
flow is barotropic, i.e., ∇ρ × ∇P = 0. If A is taken to be
the specific entropy s in an isentropic flow, i.e. (∂/∂t + v ·
∇)s = 0, Ertel’s Theorem provides a conservation law for
the potential vorticity even if the flow is baroclinic, because
(∇ρ×∇P ) · ∇s = 0.
In order to shed light into the implications that the approx-
imations embodied in the VGSB have for Ertel’s Theorem
let us examine the evolution equation for a PV-type quan-
tity defined, in terms of the VGSB background velocity field
V (x, z) = [V0(z) + xS0(z)]yˆ and the velocity fluctuations
w, as
ωa
ρ
· ∇A =
1
ρ
{∇ × [V0(z)yˆ + S0(z)xyˆ +w] + 2ΩF} · ∇A .
(150)
We can assess when such a quantity obeys a conservation law
in the form of Equation (149). Starting from the approximate
VGSB momentum equation (58), transforming from the fluc-
tuation velocityw to the velocity v = [V0(z)+xS0(z)]yˆ+w,
and following the usual steps for deriving a potential vorticity
evolution equation (Pedlosky 1982), we arrive to the follow-
ing evolution equation(
∂
∂t
+ v · ∇
)[
ωa
ρ
· ∇A
]
=[
1
ρ
∇×
{
2ΩFzˆ × [V0(z) + S0(z)x] yˆ
+ 2(ΩF − Ω0(z))zˆ ×w + wz ∂S0(z)
∂z
xyˆ
}]
· ∇A
+
∇ρ×∇P
ρ3
· ∇A . (151)
The first term on the right-hand side can be non-zero, so this is
not in general a conservation law of the form Equation (149).
This term has three components within it, the first being a non-
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conservative tidal force, the second being a coriolis-like force
which remains from the velocity transformation, and the final
term being due to the approximation made in Equation (43).
A coriolis-like force remains from the velocity transform from
w to v because in Cartesian coordinates it is just a linear ve-
locity boost in yˆ, and the VGSB momentum equation contains
a coriolis-like term which is proportional to the yˆ velocity.
Interestingly, when a velocity transformation is done in cylin-
drical coordinates with an analogous change in the φˆ velocity,
the matching change in the coriolis term cancels with compo-
nents of the cylindrical coordinate advection operator on the
left-hand side, as was seen in Appendix A. In the case of a
VGSB model with a height-independent Ω0(z) or an SSB, the
first term on the right-hand side of Equation (151) is zero, as
the first two components are conservative and curl-free, and
the third component is zero. In those cases, this applies for
any choice of ΩF, as Ω0 is constant. Thus in those cases this
PV-type quantity is conserved in the same sense as in Equa-
tion (149). Beyond simply not being in general in the form of
a conservation law, Equation (151) also has the property that
the Lagrangian derivative term with ∂/∂t + v · ∇ is not zero
when the velocity fluctuationsw are zero. This is because the
quantity defined in Equation (150) contains both the back-
ground velocity and the fluctuation velocity. Note that in the
absence of fluctuations in an axisymmetric flow, i.e., ∂y ≡ 0,
and the first term on the right-hand side of Equation (151)
does vanish.
Understanding the implications of the source terms that
would appear in general on the right-hand side of Equa-
tion (151) is beyond the scope of this work. In the reminder
of this section we have a more modest goal which consists of
assessing how the approximations leading to the VGSB im-
pact the dynamics of a PV-type quantity (δω ·∇A)/ρ defined
solely in terms of the velocity fluctuations, w.
In a way similar to that in the SSB, the VGSB framework
consists of a set of equations for the fluctuations with re-
spect to a known local equilibrium background (which cor-
responds to a local approximation of a global equilibrium).
Starting from the momentum equation in terms of the fluid
velocity v in the frame rotating with ΩF, we have derived
the exact Equation (22) for the velocity w characterizing
the departures from the background equilibrium V (r, z) =
r [Ω(r, z)− ΩF] φˆ, Equation (13). In what follows, we de-
rive an evolution equation for the PV-type quantity associated
with the velocity fluctuations in an exact way (Equation 156),
and then repeat the derivation for the VGSB approximation
(Equation 158) with the goal of comparing both results.
Starting from the exact momentum equation (22), taking the
curl and using the continuity equation, we arrive to
1
ρ
(D +w · ∇)δω +
(
δω
ρ
)
∇ ·w + 1
ρ
∇Ω(r, z)× ∂w
∂φ
=
1
ρ
w[∇ · 2Ω(r, z)zˆ]− 1
ρ
2Ω(r, z)zˆ(∇ ·w)
+
(
δω
ρ
· ∇
)
w +
(
2Ω(r, z)zˆ
ρ
· ∇
)
w
− 1
ρ
∇×
(
wz
∂V (r, z)
∂z
φˆ+ S(r, z)wrφˆ
)
+
∇P (ρh, eh)
ρ
×∇ 1
ρh
− ∇P
ρ
×∇1
ρ
, (152)
where it has been natural to define the quantity δω ≡ ∇ ×
w, i.e., the vorticity associated with the fluctuations. We can
obtain the following relation from the continuity equation (1)
δω
ρ
∇ ·w = −δω
ρ2
(D +w · ∇)ρ , (153)
and use it to replace the second term on the left-hand side in
Equation (152) to obtain
(D +w · ∇)
(
δω
ρ
)
+
1
ρ
∇Ω(r, z)× ∂w
∂φ
+
1
ρ
∇×
(
wz
∂V (r, z)
∂z
φˆ+ S(r, z)wrφˆ
)
=(
δω
ρ
· ∇
)
w +
(
2Ω(r, z)zˆ
ρ
· ∇
)
w
+
w
ρ
[∇ · 2Ω(r, z)zˆ]− 2Ω(r, z)
ρ
zˆ(∇ ·w)
+
∇P (ρh, eh)
ρ
×∇ 1
ρh
− ∇P
ρ
×∇1
ρ
. (154)
If we consider a scalar quantity A which is frozen-in to the
flow, i.e., (D + w · ∇)A = 0, we can derive the following
identity
δω
ρ
· ∇[(D +w · ∇)A] = δω
ρ
· [(D +w · ∇)∇A]
+
δω
ρ
· [∇Ω(r, z)]∂φA+
[(
δω
ρ
· ∇
)
w
]
· ∇A = 0 .
(155)
We can combine equations (154) and (155) to obtain an evo-
lution equation for (δω · ∇A)/ρ as
(D +w · ∇)
[
δω
ρ
· ∇A
]
+
[
1
ρ
∇Ω(r, z)× ∂w
∂φ
]
· ∇A
+
[
1
ρ
∇×
(
wz
∂V (r, z)
∂z
φˆ+ S(r, z)wrφˆ
)]
· ∇A
=
[(
2Ω(r, z)zˆ
ρ
· ∇
)
w +
w
ρ
(∇ · 2Ω(r, z)zˆ)
− 2Ω(r, z)
ρ
zˆ(∇ ·w)
]
· ∇A−
(
δω
ρ
· ∇Ω(r, z)
)
∂A
∂φ
+
[
−∇ρh ×∇P (ρh, eh)
ρρ2h
+
∇ρ×∇P
ρ3
]
· ∇A . (156)
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This result is exact and it follows directly from Equations (1)
and (2) in this paper, provided that A is frozen-in to the flow.
Following the same procedures in the VGSB context, start-
ing from the approximate VGSB momentum equation (58)
and again taking the curl and combining with the continuity
equation we arrive at
(D0 +w · ∇)
(
δω0
ρ
)
+
1
ρ
∇ [V0(z) + S0(z)x]× ∂w
∂y
+
1
ρ
∇×
(
wz
∂V0(z)
∂z
yˆ + S0(z)wxyˆ
)
=
(
δω0
ρ
· ∇
)
w +
(
2Ω0(z)zˆ
ρ
· ∇
)
w
+
1
ρ
w(∇ · 2Ω0(z)zˆ)− 1
ρ
2Ω0(z)zˆ(∇ ·w)
− 1
ρ
∇P ×∇1
ρ
. (157)
Here, it has also been natural to define δω0 ≡ ∇ × w, i.e.,
the voticity associated with the fluctuations with respect to
the VGSB background. This result is the VGSB equivalent
of Equation (154). The notable difference between the VGSB
and the exact form is the lack of the ∇ρh ×∇Ph term. Con-
sidering a scalar quantity frozen-in to the approximate back-
ground (D0 +w · ∇)A = 0, we obtain
(D0 +w · ∇)
[
δω0
ρ
· ∇A
]
+
[
1
ρ
∇ [V0(z) + S0(z)x]× ∂w
∂y
]
· ∇A
+
[
1
ρ
∇×
(
wz
∂V0(z)
∂z
yˆ + S0(z)wxyˆ
)]
· ∇A
=
[(
2Ω0(z)zˆ
ρ
· ∇
)
w +
w
ρ
(∇ · 2Ω0(z)zˆ)
− 2Ω0(z)
ρ
zˆ(∇ ·w)
]
· ∇A
−
(
δω0
ρ
· ∇[V0(z) + xS0(z)]
)
∂A
∂y
+
[∇ρ×∇P
ρ3
]
· ∇A . (158)
This result is the VGSB version of the exact result in Equa-
tion (156). From this form, we can see that in the shearing
box (both SSB and VGSB) the lack of the term ∇ρh × ∇Ph
prevents the thermodynamic driving of vorticity by the back-
ground, which would usually lead in a baroclinic disk to
phenomena like the Rossby wave instability (Lovelace et al.
1999). In shearing boxes, this kind of instability can be
driven by localized gradients, or for example, by adopting a
Boussinesq approximation for the system at the point of Equa-
tion (44) and thus retaining the background radial hydrostatic
pressure gradient with shear-periodic radial boundary condi-
tions (Lesur & Papaloizou 2010).
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